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Mobius Map in Hinges, Bikes, Fluids, and Ellipses

The Mobius map
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the linear fractional transformation leaving
the unit circle |z|=1 invariant, is pres-
ent in every course on complex analysis.
Interestingly, this same map arises in other
contexts, four of which I describe here.

1. A “Locomotive” Map

Consider a parallelogram whose sides
are rods of lengths 1 and a>1 (see Figure
1). Fold the parallelogram along the dot-
ted diagonal to obtain a “butterfly” figure
in the plane (see Figure 2). Imagine that
each vertex is a hinge; fixing the segment
AB and rotating AD will cause BC to
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Figure 1. Folding a parallelogram into a
“butterfly.”

rotate (in the opposite direction), vaguely
reminiscent of a locomotive. D's position
on the circle uniquely determines C's posi-
tion on its own circle. We thus have the
map of a circle to itself (identifying the two
circles). Remarkably, this map is a Mobius
map — up to a reflection. More precisely, if
we treat AD=z and BC'=w as complex
numbers on the unit circle with AB along
the z-axis, then
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a special case of (1), up to the conjugation.
A short proof of this is available in [1].

2. The “Bicycle”

The bicycle in Figure 3 is a segment of
fixed length moving in the plane in such a
way that the velocity of the “rear” endpoint

C 4. An Ellipse

The unit vectors z and w
w (treated as complex numbers)

A a B in Figure 5 are related by the
Mobius transformation (1),
& where oo =0 and
D
Figure 2. The hinged “butterfly” defines a Mdbius map 2

from z to w.

constrains to the segment’s line (there is
no sideslip), while the “front” endpoint
moves along a prescribed path I'. Fixing
I" once and for all, the starting orientation
determines the final orienta-
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here ¢ and b are the minor and major
semiaxes of the ellipse. This fact occurred
to me as I was writing the article, although
I am sure it must have been

tion; that is, we have a circle
map (see Figure 3). Robert
Foote observes that it is actu-
ally a Mobius map [2], i.e., it
is given by (1). The constants
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5. A Note on the
Explanation

a and c=a+1ib depend on
the front path I but not on the bike’s initial
orientation.

3. The Fluid

Imagine a cylinder guided through ideal
fluid (i.e., one with vanishing curl and diver-
gence) in an arbitrarily-prescribed path;
Figure 4 shows a snapshot of the fluid
velocity field in the cylinder’s reference
frame. Particles on the boundary of the
cylinder slide on the surface (the ideal fluid
does not stick to

Facts 2, 3, and 4 follow
from the observation on the circle’s sim-
plest nontrivial flow, given by

f=siné.

Namely, the time advance map of this flow
acts on points e” as a Mobius map. This
can be shown by a quick geometrical argu-
ment or short calculation (both omitted).
The “Mobiusness” of the time advance
map survives the addition of rotation and
time-dependence

walls). We thus have
a map from the parti-
cle’s initial position
on the circle to its
ending position. This
map also turns out
to be of the Mdbius
form (1), with «
and ¢ dependent
upon the cylinder’s
path through the
fluid. Incidentally,
Figure 4 illustrates
the zero circulation
case, but the state-
ment remains true
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for nonzero circula-
tion as well.

Figure 3. The bicycle map, determined by the front path T, maps the
bike’s original orientation to its final orientation.
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Figure 4. An instantaneous snapshot of the
ideal fluid in the cylinder’s reference frame
(shown with zero circulation).

0= p(t) + q(t)sin 6,

for any continuous p, q. This latter fact can
be deduced from the preceding remark and
the fact that Mobius transformations form a
group under composition.

Figure 5. Unit vectors z and w (treated
as complex numbers) emanate from the
ellipse’s foci. z—w is a Mobius trans-
formation.

Facts 1 and 4 are shown by calculation.
To end on a sad note, I am not aware of their
geometrical proof.

The figures in this article were provided
by the author.
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